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Abstract 



We develop Cresson's nondifferentiable calculus of variations on the space of Holder 
functions. Several quantum variational problems are considered: with and without con- 
straints, with one and more than one independent variable, of first and higher-order type. 
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1 Introduction 

Many physical phenomena are described by nondifferentiable functions. For instance, generic 
trajectories of quantum mechanics are nondifferentiable [lj. An important issue consists to 
find stationary conditions for integral functionals defined on sets of functions that are not 
necessarily differentiable in the classical sense. Several different approaches to deal with 
nondifferentiability are being followed in the literature, including the time scale approach, 
which typically deal with delta or nabla differentiable functions pHS], the fractional approach, 
allowing to consider functions that have no first order derivative but have fractional derivatives 
of all orders less than one P-fT5]. and the quantum approach, particularly useful to model 
physical systems [T6H24] . 

Quantum derivatives play a leading role in the understanding of complex physical systems. 
In 1992 Nottale introduced the theory of scale-relativity without the hypothesis of space-time 
differentiability [25H27] . In [19] Cresson presents a quantum calculus defined on a set of 
Holder functions based on the /i-operator 



Main result of [19] gives a nondifferentiable Euler-Lagrange equation for the basic problem of 
the calculus of variations. Cresson's calculus of variations has been further developed in |20j . 
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where Lagrangian and Hamiltonian versions of Noether's theorem are proved, and in [28| 
where the authors study isoperimetric problems. More recently, Cresson and Greff |21[|22j 
improved the previous approach of [19J. 

Our paper is organized as follows. In Section[2]we recall the definition of quantum deriva- 
tive (Definition [2]) and its main properties are reviewed, including Leibniz's and Barrow's 
formulas (Theorems 0] and [5j respectively). We also introduce the concept of higher-order and 
partial quantum derivatives. In Section [3] we consider integral functionals with Lagrangians 
containing the quantum derivative, defined on a set of Holder functions. We present a nec- 
essary and sufficient extremality condition of Euler-Lagrange type (Theorem [8]) as well as 
natural boundary conditions (Theorem [9]) . In Section 2] we exhibit a generalization of the 
quantum Euler-Lagrange equation when we are in presence of an integral constraint of the 
same type as the quantum action functional (Theorem II ip . In Section [5] we consider depen- 
dence of the action on a complex parameter (Theorem I13p . The case where the Lagrangian 
contains higher-order quantum derivatives is considered in Section [6J and a higher-order 
Euler-Lagrange type equation is proved (Theorem I14p . The rest of the paper considers a 
generalization for admissible functions of two independent variables. We begin by proving 
in Section [7] a nondifferentiable quantum version of Green's theorem (Theorem [TH]) and a 
quantum analogous of integration by parts for double integrals (formula (112p ). from which 
we deduce in Section [8] a necessary and sufficient condition for a function to be a quan- 
tum extremal for double integrals (Theorem [2Tj) and respective natural boundary conditions 
(Theorem [22]) . We end the paper with Section [9l considering a membrane with potential 
energy given by a variational double integral depending on quantum partial derivatives. The 
equilibrium of the membrane is given as the quantum Euler-Lagrange extremal. 



2 Definitions and basic formulas 

We begin by reviewing the quantum calculus as in [2U[22]. Along the text a, /3 G (0,1), 
h € (0, 1) with h <C 1 and a = ±1. For a continuous function / : / C M -> I, the /i-derivative 
of / is defined by the quotient 

Dim = 

whenever it is defined. Observe that, in case of considering differentiable functions, we can 
obtain the standard derivative taking the limit 

Urn = /'(*). 

Definition 1. The quantum derivative of f, with respect to h, is defined by 

T^( x ) = l [WV(*) + D-'f(x)) + i (D^f(x) - D?f(x))] . (1) 

As before, for differentiable functions we obtain f'(x) from ([1]) as h — >• 0. For complex 
valued functions we put 

□ft/, v OhRe/ \ 
(x) = (x) + i (x). 

□ x w Ox W Ux K 1 
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Let C Q conv {I x (0, 1),R) C C°(I x (0, 1),M) be the set of functions for which the limit 

lim f(x,h) 

exists for any x € I, and let E be a complementary of C® onv (I x (0, 1),R) in C°(J x (0, 1),R). 
Define the projection map tt by 

vr: C° conv (Ix (0,1),R)©£ C(^(0,l),8) 

fconv Ie 1 ^ fconv 

and the operator (•} by 

(•} : C°(Jx (0,1), R) -> C°(J,R) 

/ ^ (/) : x (->• lim7r(/)(z,/»). 

Finally, we arrive to the main concept introduced in |21| : the quantum derivative of / 
(without the dependence of h). 

Definition 2. The quantum derivative of f is defined by the rule 



□x \ Ux 



(2) 



The scale derivative ([2]) has some nice properties. Namely, it satisfies a Leibniz and a 
Barrow rule. First let us recall the definition of Holderian function. 

Definition 3. Let f € C°(J, R). We say that f is Holderian of Holder exponent a if there 
exists a constant C > such that, for all x and s, the inequality 

\f{x + s)- f{x)\<C\s\ a 

holds. The set of Holderian functions of Holder exponent a is denoted by H a (I,M). 

Theorem 4 (The quantum Leibniz rule [21]). For f G H a (I,R) and g € H^(I,M), a + f3 > 1, 
one has _ 

HM( X ) = %x).g(x) + f(x).^-(x). 

Ox Ox Ox 

Theorem 5 (The quantum Barrow rule [H]). Let f € C°([a,b],M) be such that Of /Ox is 
continuous, and 

lim f (^f) {x)dx = 0. (3) 

Then, 



J a V Ux / e 



r Of 

/ -L(x)dx = f(b)-f(a). 

We can generalize the previous notion to include higher-order and partial derivatives. An 
higher-order quantum derivative is defined as in the standard case: given n € N, the quantum 
derivative of order n of /, is defined recursively by 



n = 2,3, ... 



Ox 1 Ox' 

a n f □ (o n - l f 
Ox 11 ~Ox\ ox 11 - 1 
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For convenience of notation, we use the convention jjj-^ = /. We note that if / is a function 
of class C n , then gZ = £Z = /(«). 

We now consider the two dimensional case. The objective is to introduce the concept of 
partial quantum derivative. All the previous definitions and results can be easily adapted 
to this case, doing the necessary adjustments. We proceed doing a brief exposition on the 
subject. Let Q, C R 2 . For a = ±1 we define the quantities 

&lf f(xi + ah,x 2 ) - f(xi,x 2 ) 
^ (X1 '* 2) = a h 

and 

&hf , s f(xi,x 2 + <rh) - f(x 1 ,x 2 ) 
-{xi,x 2 ) = a- 



dx 2 ' h 

If / is a differentiable function, then we obtain the usual partial derivatives df/dxi and 
df /dx 2 as h — > 0. The partial /i-quantum derivatives are defined by 



-5 — [Xi,x 2 ) + — (x 1 ,x 2 ) ) +i \ — (xi,x 2 ) - — (iCl,iC 2 ) 

OXj OXj I \ OXj OXj 



JG{1,2}. 

Given a function /(•,•), we say that / belongs to H a (Q,~$l) if both f(-,x 2 ) and f(xi,-) 
are Holderian of Holder exponent a for all x\ and x 2 . 

The definition of the partial quantum derivatives Of/\3xj of /, j = 1,2, is clear and is 
left to the reader. 



3 Extremals for functions with one independent variable: the 
quantum Euler— Lagrange equation 

In the classical context of the calculus of variations, for example in classical mechanics, one 
studies necessary and sufficient optimality conditions for functionals/actions defined on a set 
of differentiable functions y, where the Lagrangian L depends on the independent variable x, 
function y, and the derivative y' of y. In our context we deal with nondifferentiable functions 
y, and we replace y' = dy/dx by the quantum derivative Dy/Dx. We consider the following 
functional: 

$: dH a (I,R) -»• C 

' °y^\ J ( 4 ) 



f ( n u \ 

y ^ J L[x,y{x),—(x)jdx, 



where dH a (I,M>) denotes the subspace of H a (I,M.) for which y(a) and y(b) take given fixed 
values y a and y^, i.e., y(a) = y a and y(b) = ?/&. We assume that the Lagrangian L = L(x, y, v) : 
[a, b] x R x C — > C is differentiable in all its arguments with continuous partial derivatives: 

L(;;-)EC\ 

Remark 6. If in ([U we replace the domain of $ by C 1 (/, R), then we obtain the usual 
functional of variational calculus: 



My) 



/ L(x,y(x),y'(x))dx. 

J a 
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Let a, (3 G (0, 1) be such that a + (3 > 1 and (3 > a. A variation of y G dH a (I,R) is 
another function of dH a (I,M>) of the form y + ew, with w G H^(I,M) and e a small real 
number. 



Definition 7. VFe say i/iai y is a quantum extremal of (j3J) if for any w G H"(I,} 

-^-$(y + ew)\ £=0 = 0. 
For convenience of notation, we introduce the operator [•] defined by 



(x) = (x,y(x),^|(x)) . 



Theorem 8 (The quantum Euler-Lagrange equation |21j). Let a,f3 G (0,1) 6e suc/i i/iai 
a +0 > 1 and (3 > a. If y G dfl" Q (J,K) satisfies Uy/Ux G # Q (/,M) and 

|^[y](x) -u>(x) 

satisfies condition ([3]) /or a// w G H^(I,W), then function y is a quantum extremal of & on 
HP(I,R) if and only if 

dL ... . □ /<9L r 



/or a// x G [a, 6] . 

From now on we will be always assuming that 

dL 



,,,x) ■ w(x) 

dv 

satisfies © for all w G i?^(J,R). 

Another important problem is to find the extremals of a certain functional \& in the case 
we have no boundary constraints on the set of admissible functions that define the domain of 
ty. As we show below, in this case besides the quantum Euler-Lagrange equation two more 
conditions, called the quantum natural boundary conditions, need to be satisfied. Let ^ be 
the functional defined by 

H a (I,R) -> C 

y $(y) = J L (x,y(x), dx. 

Theorem 9 (The quantum Euler-Lagrange and natural boundary conditions). Let y G 
H a (I, M) be such that Dy/Dx G H a (I,M.). Function y is a quantum extremal of^ on H^(I,M) 
if and only if the following conditions hold: 

dL n ( dL \ 

L ~dy~ [v]{x) ~ Ux~ VdU^J {X) = ° f ° T dl X G [a,b]; 

dL f , . Dy . . \ 
8L / Uy 
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Proof. Similarly to the proof of Theorem [8l we begin by considering a variation of y of the 
type y + ew, with w G H"(I,M). Using Theorems H] and it follows that for all w £ H^(I,M.), 



= — <J>(y + en?) 
cte 



W 

dL 

dy 

dL 

dy 



6=0 



dL 



U_ (dL\ 
Ux \dv J 

□ (dL 
□x V dv 



dx 

i - , OL 
w ax + / — — — 



□ 



□x V <9v 



dx 



io dx + 



dv 



w{b) 



dL 

dv 



Dy \ 

a,y(a), —(a)) • w(a). 
Ox / 



Since the last equality is valid for any w, we can choose those such that w(a) = w(b) = 0, 
obtaining the Euler-Lagrange equation ([S]) given in item 1. Moreover, choosing functions w 
for which w(a) = and w(b) ^ or w(b) = and w(a) ^ 0, we deduce the remaining two 
conditions. □ 



4 The quantum isoperimetric problem 

We now consider the case when admissible functions y, besides satisfying some boundary 
conditions y[a) = y a and y(b) = yb, must also satisfy a given integral constraint. This case is 
known in the literature as the isoperimetric problem [2 , 28J . Let 

x) dx 



9(y)= f e(x,y(x),^L{x)) dx= f 9[y]( 



be a functional defined on H a (I,W), where (x,y,v) h-> 6(x,y,v) is a C 1 function. 

Definition 10. Let y 6 dH a (I,M). We say that y is a quantum extremal for <£> given by (HJ 
subject to the isoperimetric constraint Q(y) = C, C £ C, if for all n € N and a// variations 
V = V + Ylk=l £ kWk, where {wk)x<k<n € H 13 ^, R) and ||e|| = ||(ei, . . . , £ n )|| is some smaZZ reaZ 
number, the condition @(y) = C implies that + £fc^fc)| £=0 = /or & 6 {1, . . . , n}. 

Theorem 11. Lei y be a quantum extremal for given by @ subject to the isoperimetric 
constraint Q(y) = C, C € C. If y is not a quantum extremal for Q, f/ien f/iere exists some 
A € C suc/i i/iai 

d(L-\0). , □ (d(L-\6), A 

-b/ -Hz a.. M =o- 



<9y Dx \ <9v 

Proof. Let ex, £2 £ £?r(0 ; 0); with r a sufficiently small positive number, and let y = y+eiw\ + 
£2^2 be a variation of y such that Wj G H"(I,M) and Wj(a) = Wj(b) = 0, j = 1, 2. Define on 
the set 5 r (0,0) the functions given by 

¥(£i,e 2 ) = and 9(£i,£ 2 ) = 6(y)-C. 

Using integration by parts, one has 



dG 

de\ 



(0,0) 
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Since y is not a quantum extremal for 0, there exists a function w\ for which ((90/<9ei)|(o,o) 7^ 
0. Thus, we are in conditions to apply the implicit function theorem, i.e., we can write e\ as 
a function of e 2 i n a neighborhood of zero, E\ = £1(62)) such that 

@(e 1 {s 2 ),e 2 ) = 0. 

We now adapt the Lagrange multiplier method to our complex valued functionals. Since 
0(^1 (£2), £2) = for any e 2 , it follows that 

d — de\ <90 <90 

= — £l (e 2 ,e 2 = — . — + — 
de 2 de 2 ae\ oe 2 



and so 



de\ 
de 2 



80 



(0,0) 



r)6 
dei 



(0,0) 



On the other hand, since y is a quantum extremal for <3? subject to the constraint = C, 



d£ 2 



<9<£> 

9e i 

6 



+ 



J a 



+ 



(0,0) 

dy 
8L 
dy 



de-: 



[y]( x ) 



(0,0) 

□ fdL 



- 



Ox \dv 
□ fdL 



[y] 



□x \ dv 



[y] (x) 



wi(x) dx 
w 2 {x) dx 



0. 



We conclude that 







00 




ds\ 


(0,0) 




(0,0) 






oe 




de 2 


(0,0) 


de 2 


(0,0) 



0. 



Since (<90/ctei)|( Oi o) 7^ 0, there exists some A 6 C such that 



<9$ 



(0,0) 



d<S> 

de 2 



(0,0), 



90 

dei 



(0,0) 



a© 



(0,0), 



Consequently, 



(0,0) 



We prove the result doing the computations in equation 
of the calculus of variations (see, e.g., |29|). 

Remark 12. In Theorem{Tl\we are assuming that 

d6, 



0. (6) 

and using the fundamental lemma 

□ 



dv 



x) ■ w(x) 



satisfies ([3]) for all w € H 13 ^, 
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5 Dependence on a parameter 

Let 

C 



dH a (I,R)xC 

f b ( n U \ 

[y,0 ^ J L\x,y(x),—(x),^jdx. 



(7) 



Introducing the operator by 



we write $(?/, £) = J a b L[y]^(x) fix. A pair (y, £) is called a quantum extremal on H^(I^ R)xC 
for $ as in ([?]), if for any pair (w,S) G H"(I, M) x C one has 



— ®(y + ew,t + E5)\ £=0 = 0. 

Theorem 13. Let y G a£P(7,IR) 6e suc/z t/iat Uy/Ux G 
quantum extremal for <3? on H^{L,M.) x <C if and only if 



dL □ /dL 



(§bk)(-) = o 



TVie pair (y, £) is a 
(8) 



and 



'a 0£ 



dx = 0. 



(9) 



Proof. Let (y,£) be a quantum extremal for 3>. For (u>,o~) G LT^tLjR) x C we have 



= — $(s/ + eu>,f + £<*)| e=0 



dL 
<9y 



□ I dL 



Ox \ dv 



[y]t( s 



w dx + 



dL 

a M 



y]^(x) ■ 5 dx. 



Taking 5 = we obtain equation (JSj) ; taking w = we obtain ([9]). 



□ 



6 The higher-order quantum Euler— Lagrange equation 

Let n G N and 

/ Uy U n y 

[y] n {x) = ki/(4— (i),..., — (i) 

We now consider functionals of type 

r-b 



(y)= / L[y] n (x)dx (10) 

J a 



defined on y G <9LT a (7,Iir) with U k y/U x k still on .fP(J,R) for all k G {1, . . . , n}. We assume 
that the Lagrangian 

L = L(x,y, vi,V2, ...,v n ): [a,b] xRxC"->C 
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is of class C . We note that if y G C n (I,R), then (fit)]) reduces to the standard higher-order 
variational functional 



L[x,y(x),y\x),...,y ( - n \x)j dx. 



The advantage of our quantum approach is that in order to obtain the corresponding Euler- 
Lagrange equation we do not need to assume, as it happens in the classical case [29J, that 
admissible functions y are of class C 2n , being necessary only continuity. As variations of y 
we consider functions y + ew with a small real e and w G H^(I,M) with w(a) = w(b) = 0, 
U k w /Ux k G H p (I,R), and U k w /Ux k (a) = U k w/U x k {b) = for all k G {1, . . . , n — 1}. 

Theorem 14 (The higher-order quantum Euler-Lagrange equation). Let a,f3 G (0,1) be 
such that a + /3 > 1 and f3 > a. A function y G dH a (I,R) with n k y/U x k still on H a (I,R) 



for all k G {1, ... , n} is a quantum extremal of $ on H@(I, 3 



dL 
W 



[x 



i=l 



z/ and cmZy if 
x) = 



/or all x G [a, 6] . 

Proof. Using Theorem 2] consecutively, we deduce that 
d 



0=-^$(y + ew)\ e=0 



^ly] n (x)-w(x) + jr^ly} n (3 

dL 



i=l 
n 



dvi 

dL 



Ux 



dx 



dy 



[y)n( X ). W ( X )+Y,^-[y) n ( 



i=l 



n x V ox 



r (?) 



i=l 



d ^[yr( X )-^)-±^J^[yr)(* 
dL 

dy 



[y] n (x) + J2(-V 



□ ' 



i=i 



dL 



[y] n (x 



ax 1 - 1 y 1 
■ w(x) dx. 



dx 



dx 



Ox 1 \dv n 

The result follows from the fundamental lemma of the calculus of variations. 
Remark 15. For n = l Theorem\lJ\ reduces to Theorem^ 



□ 



Remark 16. In Theorem fT^l we are assuming that for all i G {1, . . . , n}, and for all k G 
{0,. ..,*-!}, 



U k ( dL \ U i-k-\ 



Ox k \ dvi ) Ox 1 k 1 
satisfies © for all w G H^(I,R). 

We can easily include the case when the Lagrangian depends on a complex parameter £. 
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Theorem 17. Let ^ 

$(y,£)= [ L[y]^(x)dx, 

J a 



where 



a, (3 G (0, 1) 6e suc/i i/iai a + /3 > 1 and ft > a, and y G dH a (I,M) 5e suc/i i/iaf □ fe y/ax fe G 
H a (I, R) /or /c = 1, . . . ,n. The pair (?/,£) is a quantum extremal for $ on H^(I,M) x C if 
and only if 



and 



^M£(*)<k = 0. 



7 The quantum Green theorem 

We now prove a version of Green's theorem in the scale derivative context. Let $7 C M? be a 
sufficient large set, R = [a, b] x [c, d] C O and / G C°(fi,R). Let dR denote the boundary of 
R, oriented in the counterclockwise direction. 

Theorem 18 (The quantum Green theorem). Let f and g be two continuous functions whose 
domains contain £1, and such that for all {x\,x 2 ) G [a,b] x [c,d], f(xx,-) and g(-,x 2 ) satisfy 
condition (J3j) - Then, 

{f{x 1 ,x 2 )dx 1 +g(x 1 ,x 2 )dx 2 )=[ f ( 77^(^1, x 2 ) - ^— (zi, x 2 ) J dx 1 dx 2 . (11) 

dR J JR V n ^l U X 2 J 

Proof. By Theorem [5l we get 

rb rd 

(fdxi + gdx 2 ) = / f(xi,c) - f{x 1 ,d)dx 1 + / g(b,x 2 ) - g(a,x 2 )dx 2 



/< 

JdR 



b r d D j ,d ,6 Qg 

— — (xi,x 2 )dx 2 dxi + / / — — (x\,x 2 )dx\dx 2 
°x 2 J c J a Oxi 

9 \xi,x 2 ) - — — (xi,x 2 ) ) dx\dx 2 . 



Ox\ Ox 2 

The equality (fTTj) is proved. □ 

Assume now that / = —Fw and g = Gw, for some continuous functions F, G and w such 
that F,G G # Q (fi,R) and u; G H^(Q,R) with a + /3 > 1. Using Theorem [IS] and Theoremd 
we get an integration by parts type formula: 

□u> Ow \ 

G h F dxidx 2 

□xi Ox 2 J 

= f (-Fwdxi + Gwdx 2 ) - [ f ( — h ) • wdxxdx 2 . (12) 

Ja/? J Jr \ ax i u x 2 J 



R 
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In addition, if w = on dR, then 



O w Ow\ f f ( OG OF ' . 
G h F dxidx 2 = - / / 1 • w dxidx 2 . (13) 



R V Ux l Ux 2j ' J jR\ a Xl Ux 2 

8 Quantum extremals for functionals with two independent 
variables 

We consider functionals of type 
$: dH a (n,R) -> C 

f f ( u v u u \ (14) 

y h4 y y L ( xi,x 2 ,y(xi,x 2 ), ^j^(3;i,X2), -^^(xi,X2) ) dxidrc 2 , 

where L = L(xi, x 2 , y, ui, v 2 ) : R x I x C 2 -> C is of class C 1 and 

aff a (fi,M) = {y £ H a (n,R) \ y(dR) takes fixed given values}. 



Remark 19. When we only consider differentiable functions y, the functional (|14[) reduces 
to 

J^-(xi,x 2 )j dx x dx 2 . 



$(y) = J J^L (^x 1 ,x 2 ,y(x 1 ,x 2 ),-^-(x 1 ,x 2 ) 



As variations of y, we consider those functions of form y+ew withw G HP(Q,R), a+f3 > 1 
and /3 > a, and e a small real number. 

Definition 20. We say that y is a quantum extremal of & given by (|14[) on H^(Q,R), if for 
any w G H^(Q,R) one has 

^-<Z>(y + ew)\ £=0 = 0. 

We now present the scale Euler-Lagrange equation for multiple integrals. It has some 
similarities with the standard one (see, e.g., [29]), replacing the partial derivatives d/dxj by 
the scale derivative O/Oxj. 

Theorem 21 (The quantum Euler-Lagrange equation for double integrals). Let a, /3 G (0, 1) 

with a + (3 > 1 and f3 > a, and y G dH a (Q,R) be such that Oy/0 Xj G H a (n,R), j G {1,2}. 
The function y is a quantum extremal of $ on H^(Q,R) if and only if 

3L r O ( 8L r A . , □ fdL . A . 

^[y](*i,* 2 ) - — ^— o (x l5 x 2 ) - — ^— o |V] j (z 1; * 2 ) = (15) 

/or all (xi,x 2 ) G -R, where 

[y](x 1 ,x 2 ] = ( x 1 ,x 2 ,y(xi,x 2 ), ^-(x 1 ,x 2 ), —^-{x 1: x 2/ 
\ Oxi Ox 2 

Proof. Let y be a quantum extremal of (|14|) and consider a variation y + eu> with w G 
i7^(Q,R). Because of the given constraints on the boundary, we can only consider those 
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variations for which w(dR) = 0. Using the integration by parts formula (|13p we get: 
d 



= - $(y + ew)\ £=0 



R 



R 



x 1 ,x 2 ) ■ w{xi,x 2 ) + } A ■^-[y\{xi,x 2 ) ■ -— (xi,x 2 , 
^ \dvi 



dy 

8L 
dy 



i=i 



x 1 ,x 2 



i=l 



□ f dL 



° [y] (xi,x 2 ) 



Uxi 



dx\dx 2 



w(xi,x 2 ) dx\dx 2 . 



Equation (|15p follows from the fundamental lemma of the calculus of variations. □ 

We now consider the situation without the constraints on OR. Let 

*: H a (Q,R) -> C 

V H> $(y). 

Theorem 22 (The quantum Euler-Lagrange equation for double integrals and natural 
boundary conditions). Let a, ft £ (0, 1) with a + (3 > 1 and /3 > a, and y G H a (Q, R) oe smc/j 
£/tai Dy/dx* G ff a ($7,R), j € {1,2}. Then, y is a quantum extremal of ^ on iT^(0,R) z/ 
and onZy ?/ £/ie following conditions hold: 

9L, n/ , □ /SL .A. , □ /<9L r A , . w/ . 

-5-2/(^1,3:2) - - — ° y (zi,^) - 77 — ^— [y\ {xi,x 2 ) = ov ji,i 2 g 

2. (a,x 2 ,y(a,x 2 ), — — (a,x 2 ), — — (a,x 2 ) J = Vx 2 G [c,d]; 

OV\ \ UXl ux 2 J 

dL f Uy Uy \ 

3 - ^~ b,x 2 ,y(b,x 2 ), - — (b,x 2 ), - — (b,x 2 ) = Vx 2 € [c,d ]; 
av\ \ Ux\ ux 2 ) 



dL 



dv 2 
dL 



Uy 



4- sr~ xi,c,y(xi,c), - — (xi,c), - — (xi,c) = Va?i G [a,b] 



dv 2 



□ ,Tl 

□y 



□x 2 
□y 



5 - x 1 ,d,y(x 1 ,d), - — (xi,d), - — (xi,d) = Vxi G [a, b] 



□x 2 



Proof. Similarly to what was done in the proof of Theorem 12 1\ but using (|12p instead of (113p . 
we deduce that 



R 



dL u f dL\ □ / 8L\ 



dy Ox\ \dv\ J Ux 2 \dv 2 J 



■ w dx\dx 2 

+/ 

JdR 



dL dL 

- — • w dxi + - — • w dx 2 

dv 2 dvi 



(16) 



In particular, we may consider those w that are zero on dR, and we obtain equality (fT5j) of 
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item 1. Replacing (fT5|) into equation (fT6j) . it follows that 



8R 



dL dL 

- « • ^ + o ' ^ « X 2 

£W2 cwi 



tt- ( ^i,c,y(xi,c), —^-(xi,c), — — (xi,c) J -w(xi,c)dxi 

+ / xi,d,y(a;i,(i), - — (xi,d),- — (x\,d) ■w(x 1 ,d)dx 1 

+ / ^iyb,X2,y(b,X2),-^-(b,X2),^-(b,x 2 )J ■ w(b,x 2 )dx 2 

— - a, x 2 ,y{a, x 2 ), — — (a, x 2 ), — — (a, x 2 ) ■ w(a, x 2 ) dx 2 . 
Ic ovi \ Dxi Dx 2 / 



The result is proved with appropriate choices of w. 



□ 



9 An application 

A membrane is a portion of surface, plane at rest, with potential energy proportional to the 
change in area. Suppose that the membrane at rest covers an area R C R 2 , and in the 
boundary the membrane is fixed. If u(-, •) denotes the deformation normal to the equilibrium, 
then the required potential energy is given by the expression 

^// H (0 2 +(H) 2 ^ 

The equilibrium is attained at the Euler-Lagrange extremal of this double integral. For more 
on the subject, we refer the reader to [30] . 

The functional (|17|) is considered for continuous functions u that possess continuous first 
and second order derivatives. These can be very restrictive assumptions. Indeed, it is well 
known that often real phenomenons are nondifferentiable, and so not suitable for treatment 
under the standard variational approach. Assume that we wish to include in the above 
problem nondifferentiable functions, where the velocity is described by a quantum derivative. 
In the scale calculus context, we consider the functional 

$(u) = - [ [ ( ■—] + I -5^- ) dxidx 2 

defined on dH a (£l,WL). Then, by Theorem 1211 any quantum extremal u must fulfill the 
equation 

□ / nu \ u f u u 

Uxi \Uxi) Ux 2 \ D ^2 
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